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Abstract—All graphs in this paper are simple, nontrivial, connected and undirected. By an edge proper k-coloring of a
graph G, we mean amap c : E(G) — S, where |S| = k, such that any two adjacent edges receive different colors. An edge
r-dynamic k-coloring is a proper k-coloring c of G such that |¢(N (uv))| > min (r,d(u) 4+ d(v) — 2) for each edge uv in V(G),
where N (uv) is the neighborhood of uv and ¢(S) = c(uv) : wv2S for an edge subset S. The edge r-dynamic chromatic
number, written as A.(G), is the minimum % such that G has an edge r-dynamic k-coloring. In this paper, we will determine
the edge coloring r-dynamic number of a comb product of some graph, denote by G > H. Comb product of some graph is a
graph formed by two graphs G and H, where each edge of graph G is replaced by which one edge of graph H.
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INTRODUCTION

Graph theory is part of discrete mathematics which is
mostly studied by researchers. This is due to the wide of
application in real life. One of the theory developed in
graph theory is the coloring. The new extension of graph
color is r-dynamic coloring. The r-dynamic chromatic
number, introduced by Montgomery [[l]] and written as
Xr(G), is the least k such that G has an r-dynamic
k-coloring. Note that the 1-dynamic chromatic number
of graph is equal to its chromatic number, denoted by
X(@), and the 2-dynamic chromatic number of graph has
been studied under the name a dynamic chromatic number,
denoted by x4(G). In [[], he conjectured x2(G) < x(G)+
2 when G is regular, which remains open. Akbari et.al.

[2] proved Montgomery’s conjecture for bipartite regular
graphs, as well as Lai, e.al. [3] proved x2(G) < A(G)+1
for A(G) < 3 when no component is the 5-cycle.

By a greedy coloring algorithm, Jahanbekama [A4]
proved that x,(G) < rA(G) + 1, and equality holds for
A(G) > 2ifand only if G is r-regular with diameter 2 and
girth 5. They improved the bound to x,.(G) < A(G) +
2r —2 when 6(G) > 2r In n and x,(G) < A(G) +r when
§5(G) > r?Inn.

The following observation is useful to find the exact
values of r-dynamic chromatic number.

Observation 1. Let 6 (G) and A(G) be a minimum and
maximum degree of a graph G, respectively. Then the
followings hold

* xr(G) = min{A(G),r} + L,

* X(G) < x2(G) < x3(G) < -+ < xa()(G),

* Xr41(G) 2 xr(G) and if r > A(G) then x,(G) =
xXa(@)(G).

There are some researches studied this problem, some
of them can be found in [5],[6],[7].[8],[9].

THE RESULTS

We are ready to show our main theorems. In this study
we used exponential graph, there are two theorems found
in this study. These deals with exponential graph C),, > P»
and C,,> C,,.

Theorem 1. Let G be a comb product denote by C,, > Py
Jforn > 3, the vertex r-dynamic chromatic number is:

3, neven
3, n odd

X(Cn > PZ) =
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3, n=3k,ke N

Xa(Cn B Pp) = { 4, n otherwise

4, n=3k,n=4k,k € N
4, n otherwise
5 n=>5kkeN

Xr>3(Cp B> P2) =

Proof. A comb product of graph C,, > P, forn > 3, is
a connected graph with vertex set V/(C,, > Py) = {z;,1 <
i < n}U{y,1 < i < n}, and edge set E(CL2)
= {x;zip1;1 < i < n—1}U{zwy;l < i < n}
The order and size of C,, > P,,n > 3 are |V (C, >
P,)| = 2n and |E(C, > P)| = 2n. A comb product
graph
C,, > P, is regular graph of degree 3, thus C,, > []
P,
0(Cp > P) = A(C,, > P»,) = 3. By observation 1,
Xr(Cn>Py) > min{ A(C,>P2),r} = min{3,r}. To find
the exact value of r-dynamic chromatic number of C,,> P5,
we define three cases, namely x(C, > Py), x2(C,, > Ps)
and x;>3(Cp > Pa).

Forr = 1, the lower bound x(C,,>>P,) > min{3,
1, and for r = 2, the lower bound x(C,, > Ps)
min{3,2} = 2. We will prove that x(C,, > P3) <
by defining amap ¢; : V(C,, > Po) — {1,2,...,k}
n > 3, by the following:
12 ... 12, neven
123 ... 123, n odd

i )= 21 ... 21, neven
11 Y2, -5 Yn) =\ 912 212, nodd

It is easy to see that ¢; gives x(C,>P») < 2 forn even,
but for n odd, we could not avoid to have x(C,,> P») < 3,
otherwise there are at least two adjacent vertices assigned
the same colors. Thus x(C,, > P») = 2 for n even and
X(Cn > Py) < 3, for n odd.

For x,(C,,&> Py) and r > 3, the lower bound x3(C,, >
P,) > min{3,3} = 3. We will prove that y3(C}, > Py) <
4 by definingamap c3: V(C,, > Py) — {1,2, ..., k} for

n > 3, by the following.

(123 ... 123, n =3k,
1234 ... 1234,n = 4k,
12345 ... 12345,
cs(w1, oy oy Tpn) = { n = 5k,
1231234, n=7,n=7
' (mod 3),
| 12341234123, n = 11,
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(444 ... 444, n =3k,
3412 ... 3412,n — 4k,
45123 ... 45123,
03(y17y23"'ayn): { n = 5k,
3444412, n =7,
' n = T7(mod 3),
| 44123412344, n =11,

It is easy to see that c3 gives x3(C, > P») < 4, for
n = 3k,n = 4k, k € N, but for n = 5k we are forced to
have x3(C,, > P;) = 5 as well as x5(C,, > Py) = 4 forn
otherwise.
Thus x3(C,, > P2) = 4, forn = 4k, and x3(C,>P2) =5
for n otherwise. By observation [l| r > A(C,, > Py) = 3, it
immediately gives x3(C,, > Py)=x,(C, > P,) forn > 3.
O

Theorem 2. Let G be a comb product denote by C,, > Py
forn > 3, the edges r-dynamic chromatic number is:

MNCr B Py) = X(Cr, > Py) = X3(Cr, > Pp) =3
Ar>3(Cn B> P) =4

Proof. A comb product of graph C,, &> P5, forn > 3, is
a connected graph with vertex set V/(C,, > P2) = {z;,1 <
i <n}U{y,1 <i<n},andedgeset E(C, > Py) =
{zixit1;1 <i<n—1}U{x;y;1 <i<n} The order
and size of C,, > P,,n > 3 are |V(C,, > P,)| = 2n
and |E(C,, > P»)| = 2n. A comb product of graph
C,, > Psis regular graph of degree 3, thus C,, > P,
0(Cp > Py) = A(C,, > P,) = 3. By observation when
Xr(Cn>Ps) > min{A(C,>P),r} = min{3, r}. To find
the exact value of r-dynamic chromatic number of C,,> P,
we define three cases, namely x(C,, > P), x2(Cp, > Ps)
and x,>3(Cr, > P»).

Case 1. For r > 2, the lower bond A(G) < x(G) <
A(G) + 1, that x(C,, > P2) > 3. Furthermore, to show
that x(C,, > P») < 3 with coloring edges E(C), > P,) as
in function ¢;. Let D = {1,2,...,k} is set of color from
k-coloring that ¢; the function by defining a map edges
coloring D, ¢; : E(C,, > P;) — D, so mapping each

edges to set color D, by the following that:
12...12,

n even
{ 12...12 3,
(nodd

((233...331,
n odd

{ 33...33,

| neven

c1(T1y1, Tay2, - - TnYn) =

From function coloring c; seen that the chromatic
number is x(C,, > P2) < 3. Because x(C,, > P») < 3
and x(C,, > Py) > 3, then x(C, > P,) = 3, so that
X(Cr > Py) = x2(Cr, > Py) = 3.

Case 2. For r => 3, the lower bond x3(G) > x2(G),
that x3(Cy, > Py) > 4. We will prove that x3(C,, > P2) =
3 such as coloring function ¢; that the definition edges
coloring r-dynamis not full filled. It is caused by edge
Z1x9, earned d(u) + d(v) — 2 = 4, |¢(N(e))| = 2 dan
min{r, d(u) + d(v) — 2} = min{3, 4} = 3, so that 2 # 3.
So, lower bound is x3(C,, > P3) > 4. Furthermore, to
show that x3(C,,>>P,) < 4 with coloring edge E(C,,>>P,)
as in function ¢5. Let D = {1,2,...,k} is set of color
from k-coloring that ¢y the function by defining a map
edges coloring D, ¢y : E(C,, > Py) — D, so mapping
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each edges to set color D, by the following that:

12...12
n even
12...123,

(
) =
{( n odd
(
N
{

)

co(@12, T2T3, . .., Ty

43...43 4,
n odd
34...34,
n even

co(x1Y1, T2Y2, - -, TnYn

From function coloring co seen that the chromatic
number is x (Cy, > P») < 4. Because x(C,, > P,) < 4 and
X(Cp > P2) > 4, then x(C2) = 4, so that x(C,, > P») =
Xr>3(Cn B> Pp) = 4. O

Theorem 3. Let G be a comb product denote by C,, > C,
forn > 3andm > 3, vertex r-dynamic chromatic number
of Cp, &> Ch is:

2, neven

X(Cn > Cm) = .
3, n otherwise

X2(CnECm)— 37n:37m:3
x3(Cr,>Cp)=4,n=3 m=3

4, n=5 m=5
xr>2(Cn>Cm):{ 5, n=3k m=3k

5, n=3k i<i<n,

XT24(CnECm)={ 1<j<m-2

Proof. The comb product of graph denoted by C,, >
C)n, is connected graph with vertex set V(C,, > C,,) =
{z5,;1 <i<n}U{z;;;1<i<n;1<j<m-—2}and
edgeset E(C,,>Cp,) = {xnx1;ziwip1; 1 <i <n—1}U
{Zi 24151 <i<m; 1 <j<m =3} U{wjz; 151 <
i < nfU{ziznm-2;Tit1%iqy1,1;n < @ < n}. Thus,
the order and size of this graph are p = |V(C,, > C,,,)| =
n+n(m—2),q = |E(C,,>C),)| = mn. Sinceall edges in
C,, joint with one edge in C,,, it gives A(C,, > C,,) = 4.

By Observationﬁ, x(Cp > Cyp) > min{r, A(C,, >

Cn)} = min{r, To find the vertex r-dynamic
chromatic number of (C,, > C,,), we define three cases,
namely for x(C,, &> C,.), xa(Crn > Cp,), x3(Cp, &= Cp)
and X4(Cn > Cm)

For x(C,, > Cp), xa(Cr = C,,), the lower bound
x1(Cp, &> Cp,) > min{2,4} = 2. We will show that
X1(Crn>Chpy) < 3,bydefiningamapcy : V(C,>Cp) —
{1,2,3,...,k} where n > 3, m > 3 by the following :

e For n and m even,
caz;) = { 1, 1= ==
2, i=0(mod2),1<i<n.

(2, i=1(mod2),j=1
(mod?2), 1 <i<n,
i=1(mod2), =0
(mod?2), 1 <i<mn,
{ i=2(mod2), j =2
(mod?2), 1 <i<n,
, 1=0(mod2),j=1

(mod?2), 2 <i<n,

ca(wi ;)

N

)

—_
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¢ Forn and m odd,

(1, i=1(mod2),1<i

Sn_la

64(%):{ 2, i=0(mod2),1<i
<n-—1,
|3 i=n

( i=1(mod2), =0
, (mod2),1<i<n-—1,
. 2<j<m-—2,
, L, i=0(mod2),j=1
\ (mod?2), 2 <i<nmn,
\ 1<j<m—3,x;_1,
1 Tm—2
2, i=1(mod2),j=1
{ (mod2),1<i<mn,

ca(@ij) =

2, i=0(mod2),
Jj =0(mod?2),
2<i<n-—1,

1<53<m-3,
3, Tp;Tim—3;
1<i<n—-3

p—- m m - = o=

e For n = odd and m = even,

(1, i=1(mod2),

1<i<n-1,
04(%):{ 2, i=0(mod?2),
1<i<n-—1,

L3 i=n.

(1, i=1(mod2),j=0
(mod2), 1 <i<n,

2, i=0(mod2),j=1

L (mod2), 1 <i<n.

ca(wij) =

e Forn = even and m = odd,

1, i=1(mod2),1<i<n,
2, i=0(mod2),1<i<n.

!

cq(x;) =

i=1(mod2), j =0

(mod2), 1 <i<n,
2 SJ S m737

1, i=0(mod2),j=1

(mod?2), 1 <i<n,

i = 1(mod 2),

j =1(mod?2

(

(

)

ca(wij) = {

)

1
1
13 1<is<nj=m-—2
e For x,—2,n =3 and m = 3,6,
cq(xy)) =4;1<1<3

3, i=1j=1

C4(£i,j) = 1, i=25=1

2, i=3j=1
It easy to see that ¢4 gives x(C,, > Cp,) < 3 and
xda(Cp > Cp) < 3. Thus x(C,, > C,,) = 3 and

For r = 3, the lower bound x5(C, > C,,) >
min{3,4} = 3. We will show that x3(C,, > C,) < 4,
by defining a map ¢5 : V(C,, > Cyp,) — {1,2,3,...,k}
where n > 3 and m > 3 by the following:
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e Forn=3andm = 3,6

C5($i) =1
3214;i=1,
C5($i)j) = 132 4;i = 2,
213 4;i =3,

es(xs) =4, ¢5(xi ;) =4n=3,m=3.

e Forn = 3k and m = 3k

1, 1=1(mod3),
(i) =9 2, i =2(mod3),

)

3, i=3(mod3),

(3213213214, i=1

(mod3),
132132--- 1324, i=2

¢s(@i5) = (mod3),
213213--- 2134, =3

{ (mod3),

It is easy to that c5 gives x3(C,, > C,,) < 4. Thus

For r = 4, the lower bound x4(C, > C,) >
min{4,4} = 4. We will show that x4(C,, > C,,) < 5,
by defining amap ¢: V(C,,> C,) = {1,2,3, ..., k}
where n > 3 and m > 3 by the following:

e Forn=3kandm =3k, 1<i<n,1<j<m-—2

1, i=1(mod3),
(i) =94 2 i=2(mod3),

3, i=3(mod3).

(421421 .- 4215, i=1

(mod3),
432432 --- 4325, =2
c6(®i ;) = (mod3),
| 413413 ... 4135, i=3
| (mod3),
e Forn=3kandm =3k+1,1<i<n,1<j<m
)
1, i=1(mod3),
) 2, i=2(mod3),
(i) =94 3 i =3(mod3).
(421421 --- 42145, i=1
(mod 3),
432432 --- 43245, 1=2
o6 (i ;) = (mod 3),
415415 --- 41545, =3
L (mod 3),

It is easy to that cg gives x4(Cy, = Cy,) < 5. Thus
X4(Cn E Cm) = 5.

For r = 5, the lower bound x5(C, > Cp,) >
min{5,4} = 4. We will show that x5(C,, > C,,) < 5,
by defining a map ¢7: V(C,,> C,,) — {1,2,3, ..., k}
where n > 2 by the following:

v

e Forn =5and m = 3k

C7(.Z‘i) =1
(421421 ---421,5 i=1,
432432 ---432, 1 =2,
cr(wij) = 543543 ...543, 1 i=3,
254254 --- 254, 3 i=4,
| 215215 ---215,3 i=5,
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e Forn=5andm=3k+1

C7($i) =1
(421421 ---421,5 i=1,
324324 ---324,1 =2,
cr(zij) =14 543543 -.-543, 1 i=3,
254254 --- 254, 3 =4,
( 215215 - 215, 3 =5,

It is easy that ¢; gives x5(C, > Cp,) < 5. Thus
X5(Cn>Cy,) = 5. Since forr > 5, we have r > A(C,, >
C)n). By Observation I, x,(Cp,>C,,) = x5(C,>Chp) =
5. It concludes the proof.

O

Theorem 4. Let G be a comb product denote by C,, > C,,

forn > 3 and m > 3, edges r-dynamic chromatic number
of (C,> C) is :

X1<r<3(Cn > Cr) =4

Proof. The graph (C,,>C,,) is a connected graph with
vertex set V(C, > Cp,)
={z;;1<i<n}U{x; 51 <i<n;1<j<m-—-2}
and edge set E(C,, > C},)
= {zpr; vzl <0 < n— 1 U {25411 <
it < nl <j < m-3yU{xzi3l < i < npU
{z12n,m—2; Tix1Ti+1,1;n < i < n}. Thus, the order and
size of this graph are p = |V (C,,> Cp,)| = n + n(m —
2),q = |E(C,, & C,,)| = mn. Since all edges in C,, joint
with one edge in C,,, it gives A(C,, > C),,) = 4.

By Observation EI, xr(Cp > Cp) > min{x(C, >
Cm),r}+1 =min{r, d(u) + d(v) — 2}. To find the exact
value of r-dynamic chromatic number of (C,, > C,,,), we
define three cases, namely for x1<,<4(Cp,>Ch,), x5(Cp>
Cn).

For r = 1, the lower bound A(G) < x(G) < A(G) +
1, that x(C, > C,,) > 3. Furthermore, to show that
x(C, > Cp,) < 3 with coloring edges E(C,, &> C,,) as
in function cg. Let D = {1,2, ..., k} is set of color from
k-coloring that c; the function by defining a map edges
coloring D, ¢g : E(C, > Cy,) — D, so mapping each
edges to set color D, by the following that:

2, devenl <i<n-—1
2,i0ddl1 <i<n-—1
Cs(ﬂfnxz‘+1):

3,tevenl <1 <n-—1

cs(xiyrj) =4,1<i<nl<j<m

¢ Forn = even

(1, j=1(mod3),

. 1<i<m-—3
2, j=2(mod3),

cs(Yij¥ij+1) = { Jl < i(< m —) 3
, 4, j=0(mod3),

L 1<i<m—-3

cs(Tit1Yim—2) =3

& (xlyn,mf2) =3
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e Forn = even

(1, j=1(mod3),i=n

\ 1<i<n-2;

, 1<t <m,

, 2, j=2(mod3),
t=n-—1

Cs(yz‘,jyi,jﬂ):{ 2<i<n-—-2

2 <1< m,

1 3, j=2(mod3),

1 n—1<i1<n

v 4, 1< < n

L 1<j<m

cs(Tit1Yim—2) =3,1<i<n-—2
cs(T1Yn,m—2) = 2

C8(£n—1yn—1,m—2) =1
From function coloring cg seen that the chromatic
number is x(C,, &> Cy,) < 4. Because x(C,, > C,,) < 4
and x(C, > C,,) > 4, then x(C,, > C};,) = 4, so that

CONCLUSIONS

We have found some edge and vertex r—dynamic
chromatic number of several graphs, namely comb product
of graph C,, > P, and C,, > C,,. It is interesting to
characterize a property of any graph operation to have an
exact value or upper bound of their 7—dynamic chromatic
numbers.
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