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Abstract—By an edge comb, we mean a graph formed by combining two graphs G and H, where each edge of graph G is
replaced by the which one edge of graph H, denote by G > H. A vertex colored graph G > H = (V(G> H),E(G > H)) is
said rainbow vertex-connected, if for every two vertices « and v in V(G > H), there is a u — v path with all internal vertices
have distinct color. The rainbow vertex connection number of G > H, denoted by rvc(G > H) is the smallest number of color
needed in order to make G > H rainbow vertex-connected. This research aims to find an exact value of the rainbow vertex
connection number of exponential graph, namely rvc(G > H) when G > H are P, > Btum, Sp = Btm, Ly > Btm, Fmn > Bip,
rvc(Py > Sp), rve(Cyn & Sp), and rve(W,, &> Sp,) W, > Bt,,. The result shows that the resulting rainbow vertex connection

attain the given lower bound.
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INTRODUCTION

Rainbow vertex connection concept was first
introduced in 2009 by Krivelevich and Yuster []].
These new concept arised from information exchange
interconnection communication of information between
agencies and government. When we need to route a
messages in a cellular network in such a way that each
link on the route between two vertices is assigned with
a distinct channel such a problem is considered to be a
rainbow colour. The minimum number of channels that
we have to use, is exactly a rainbow connection number.
For more details various rainbow connections we refer to
[2] [B1 [A1 (51 (6] [77] [8] [9]-

Suppose G is a connected graph nontrivial with
vertex-coloring ¢ : V(G) — {1,2,3,...,n},n € N, that
vertex adjacent may have same color, we refer to [[L0] [[L1]]
[12]. A vertex-colored graph is rainbow vertex-connected
if any two vertices are connected by a path whose internal
vertex have distinct colors. The rainbow vertex connection
of a connected graph G, denote by rvc(G), is the smallest
number of colors that are needed in order to make G
rainbow vertex-connected, we refer to [[13].

A graph formed by combining two graphs, suppose
graph G and H, where each edge of graph G is replaced
with which one edge of graph H is called comb product,
denote by G> H. If |V(G)| = py and |E(G)| = ¢1, while
|V(H)| = pz and |E(H)| = g2 then for |V(G > H)| =
q1(p2—2) + prand |[E(G = H)| = 1.

The Research activities on rainbow vertex connection
is growing rapidly, we refer the result to [[14] [[I5].
Simamora [[14] show that.

Theorem 1. /|/4]Ifn > 2, then

[
[

Theorem lower bound of rainbow vertex connection
number is shown by [|]

1 forn <7,
1+ 1; foranothern

roe(Pey) = {

[MIEINIE

Theorem 2. For any graph G,
rve(G) > diam(G) — 1

THE RESULTS

The followings show rainbow vertex connection
number rvc(G) when G are P, > Bt,,, S, > Bt,,, L, >
Bt?n, FTYL,?’L E Btp’ and WTL 12 Bt"n'

Mathematics

¢ Theorem 1. Let G be a comb product denote by P,, >
Bty, form > 3 and m > 2. The rainbow vertex
connection number rvc(P, > Bt;,) =n — 2

Proof. Let G be a comb product denote by P, > Bt,,.
The vertex set of G is V(P, &> Bt,,) = {x4;1 < i < n}
U{z; ;1 <i<n—1,1<j<m} and the edge set is
E(Pn IZ Btm) = {gcixzurl; 1 S ) S n — ].} U{l‘ifbi,j;l

<i<n—1,1<j<m} Uz 51 <i<n-—
1,1<

j < m}. The order of the graph |V (P, > Bt,,)| =
n + mn — m and the size is |E(P,, > Bt,;,)| = n—2m +
2mn—1. According Theorem 2 the lower bound are stated
as follow: rve(P, > Bt,,) > diam(P,> Bt,,) — 1, where
diam(P, > Bt,,) = n — 1 is the diameter of graph G.
Since diam(P,, > Bt,,) =n — 1, forn > 3 and m > 2,
it follows that rvc(P, > Bt,,) > n — 1 — 1. And than,
will be proof that rvc(P,, &> Bt,,) < n — 2 by construct
c:V(G)—{1,2,3,...,k} as follows:

1, forv=uz;i=1n
(i1, forv=z;2<i<n-1
{ 1, forv=u;;;1<i<n,
c(v) = ’

1<j<m
From the #unction can determine rvc(P, &> Bt,,) <
n — 2. There for rve(P, > Bt,,) > n — 2 and rve(P,, >
Bt,,) <n — 2, then rve(P,> Bt,,) =n — 2. O

O Theorem 2. Let G be a comb product denote by S,, >
Bt,,, forn > 3 and m > 2. The rainbow vertex
connection number rvc(Sy, > Bt,,) = 1.

Proof. Let G be a comb product denote by S,, >
Bt,,. The vertex set of G is V(S,, > Bt,,) = {A}
Uzl <0 < np U{z;;31 < i <n, 1l < j < m}
and the edge set is E(S,, > Bt,,) = {Az;;1 < i < n}
U{z;z; ;1 < i < n,1 < j < m}. The order of
the graph |V (S,, &> Bt,,)| = mn + n + 1 and the size
is |[E(S, > Bty,)| = 2mn + n. According Theorem 2
and lower bound are stated as follow: rve(S, > Bt,,) >
diam(Sy, > Bt,,) — 1, where diam(S,, > Bt,,) is the
diameter of graph G. Since diam(S,, > Bt,,) = 2, for
n > 3 danm > 2, it follows that rvc(S,, > Bt,,) > 2— 1.
And than, will be proof that rvc(S,, > Bt,,) < 1 by
construct ¢ : V(G) — {1,2,3,...,k} as follows:

1, forv=A
c(v) = 1, forv=2;;1<i:<n
1, forv=2;;;1<i<n, 1<j<m
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From the function can determine rvc(S,, &> Bt,,) < 1
Therefore rvc(S,, > Bt,,) > 1 and rvc(S, > Bt,,) <1
then rve(S, > Bt,,) = 1. O

¢ Theorem 3. Let G be a comb product denote by L,, >
Bt,,, form > 3 and m > 2. The rainbow vertex
connection number rvc(Ly, > Bt,,) = n.

Proof. Let G be a comb product denote by L,, > Bt,,
The vertex set of G is V (L, Bt,y,) = {zi,v:;1 <i <n}
Uf{zij, vi;1<i<n—1,1<j<m}U{z;;1<i<
n,1 < j < m} and the edge set is E(L,, > Bt;,) =
{Tiziv1, ¥iyis1;1 < i < n} U{zy;l < i < on}
U{@izi 5, Yili g, Tiv1Ti g, Yir1¥igi 1 <0 <m—1,1 <
J < m} U{xizij,yizi5;1 <4< n,1 <j<m} The
order of the graph |V (L,, > Bt,,)| = 3mn — 2m + 2n and
the size is |E(Ly, &> Bty,)| = 6mn — 4m + 3n — 2, dan
diameter diam(L,, &> Bt,,) = n+ 1. According Theorem
2 the lower bound are stated as follow: rvc(Ly, > Bt,,) >
diam(L,, > Bt,,) — 1, where diam(L,, > Bt,,) is the
diameter of graph G. Since diam(L,, > Bt,,) = n + 1,
forn > 3 dan m > 2, it follows that rve(L,, &> Bt,,) >
n+1—1. And than, will be proofthat rvc(L, > Bt,,) < n
by construct ¢ : V(G) — {1,2,3,...,k} as follows:

r 17 fOI‘UZSL’Z"j,yZ‘,j;
1<i<n—-1,1<j<m

1
c(v) = 1, forv=2;;1<i<n
- 1<j<m
i forv=2,;1<i<n

L n—1, forv=y;; 1 <i<n

From the function can determine rvc(L,, ™ Bt,,) < n.
Therefore rve(Ly, > Bt,,) > nand rve(L,, > Bt,,) <n,
then rve(L,, > Bt,,) =n

O

O Theorem 4. Let G be a comb product denote by F,, , >
Bt,, form > 3, n > 2, and p > 2. The rainbow vertex
connection number rvc(Fy, ,> Bt,) = 3.

Proof. Let G be a comb product denote by F,,, ,, > Bt,,.
The vertex set of G is V(F,, , > Btp) = {A}U{z; j;1 <
i<ml <j<mpUz il <i<ml<g
<n—1,1 <k < p} Hyijrsl < i < m,1 <

J <
n,1 < k < p} and the edge set is E(F,, , > Bt,) =
{Axw 1 <i<ml<j<n} Ayl <i
<m,1 < j < n,l <k < p} Uz yirl <

\/\ I/\

m,1 p} U@ jai ikl < 0

1 <k <P}U{mm
+1$z‘,j,k71 <

it <m,1 <j<n-11<k < p}. The order of

the graph |V (F,, ,, > Bt,)| = 2mnp + mn —p + 1 and

)
J n < k
1 J n —

IA =

<j<
<m,1 <

the size is |E(Fy, ., > Bt,)| = 4mnp + 2mn — 2mp — m.

According Theorem 2 the lower bound are stated as follow:
rve(Fpn &> Bty) > diam(F,,, > Bt,) — 1, where
diam(F,, , > Bt,) is the diameter of graph G. Since
diam(Fp, , &> Bt,) = 4,form > 3,n > 2,and p > 2,
it follows that rvc(Fy, , > Btp) > 4 — 1. And than,
will be proof that rvc(Fm n > Bt,) < 3 by construct
c:V(G) > E1 1y, 3”‘“ vazé’f%Ilb&igl 5<Zp§ m,
1, untukv = ylmk, 1 < i < m,
1<j<n 1<k<p
{ 2, untukv =x;9;_1;1 <7 <m,
1< < 2]
3, untukv = ;955 1 <@ <m,
L 1<i<[

From the function can determine rve(F,, , > Bt,) < 3.
Therefore rve(Fy, », & Bt,) > 3 and rvc(F, , &> Btp) <
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3, then rve(F, , > Bt,) = 3. O

¢ Theorem 5. Let G be a comb product denote by P,, >
S, forn > 3 and m > 3. The rainbow vertex connection
number rvc(P, > Sp,) =n — 2.

Proof. Let G be a comb product denote by P, > S,,.
The vertex set of G is V/(P, &> Sp,) = {z;;1 < i < n}
Wzii2 < i < nl < j < m— 1} and the edge
set is E(P, > Sp,) {ziziy1;1 < 4 < n — 1}
U{zx; ;2 < i <mn §j<m—1} The order of
the graph |V(P, > Sp,)| = m(n — 1) + 1 and the size
is |[E(P, > Sp,)| = m(n — 1). According Theorem 2
the lower bound are stated as follow: rvc(P, > S,,,) >
diam(P,>8S,,)—1, where diam(P,,>S,,) is the diameter
of graph G. Since diam(P,, > S;,) = n —1,forn > 3
and m > 3, it follows that rve(P, > S,,) > n—1— 1.
And than, will be proof that rve(P, &> S,,) < n — 2 by
construct ¢ : V(G) — {1,2,3,...,k} as follows:

1
)

c(v) = 1, forz;;;2<i<n,1<j<m-1
1, forv=uax,
2, forv=u;;2<i<n,

From the function can determine rvc(P, > S,,) <n — 2.
Therefore rvc(P, &> S,,) > n — 2 and rvce(P, &> Sp,) <
n — 2, then rvc(P,> S,,) =n — 2. O

¢ Theorem 6. Let G be a comb product denote by C,, >
S, forn > 3 and m > 3. The rainbow vertex connection
number rvc(C, > Sp,) =

Proof. Let G be an exponential graph denote by C,, >
Sm. Thevertex set of Gis V(C,,>S5,,) = {2451 < i < n}
Uf{z; ;1 < i < n,1 < j < m — 1} and the edge
setis E(Cp, & Sp) = {z12n, 252540151 <4 < n—2}
U{z;x; ;1 <i<n,1 <j<m—1}. The order of the
graph |V (C,,>>S,,,)| = mnand the sizeis |E(C\,>S,, )| =
n+n(m — 1). According Theorem 2 the lower bound are
stated as follow: rve(Cy, > Sy,) > diam(Cp, > Sp,) —
where diam(C,, &> S,,,) is the diameter of graph G. Since
diam(C,, > S,,) = Lﬂzj + 2, forn > 3and m > 3, it
follows that rvc(Cp, > S,,) > [5] 4+ 2 — 1. And than,
will be proof that rvc(C,, > Sp,) < [ 5] + 1 by construct
c:V(G) = {1,2,3,...,k} as follows:

dw:{l,mmmﬂ<i§m1<j<m—1
1, forv=z;1<i<n

From the function can determine that rvc(C,, & S,,) = n.
O

O Theorem 7. Let G be a comb product denote by W
for n > 4 and m > 3. The rainbow vertex
connection number rvc(W,, &> Sy,,) = n.

Proof. Let G be an exponential graph denote by W,, >
Sm. The vertex set of G is V(W,, &> S,,) = {4, z;;1 <
i < n} Uzl < i < onl <5 < omo— 1}
U{4;,;;1 < i < n,1 < j < m — 1} and the edge
setis E(W,, &> Sp,) = {zpa1, 224151 < @ < n— 2}
U{Az;;1 <i<n}U{zz;;;1<i<n,1<j<m-—1}
U{z;4: ;1 < i < n,1 < j < m— 1}. The order
of the graph |V(W,, > S,,)| = 2mn — n + 1 and the
size is |[E(W,, > Sp,)| = 2mn. According Theorem 2
the lower bound are stated as follow: rve(W,, > S,,,) >
diam(W,, > S,,) — 1, where diam(W,, > S,,) is the
diameter of graph G. Since diam(W,, > S,,) = 4, for
n > 4 and m > 3, it follows that rvc(W,, > S,,) >4 — 1.
And than, will be proof that rvc(W,, > S,,) < 3 by

On the Rainbow Vertex Connection Number of Edge Comb of Some Graph



Proceeding The 15t IBSC: Towards The Extended Use Of Basic Science For Enhancing
342 Health, Environment, Energy And Biotechnology
ISBN: 978-602-60569-5-5

construct ¢ : V(G) — {1,2,3,...,k} as follows:

{1, forv=u2;;;2<i<n,1<j<m-1
_ 1, forv=4;;;2<i<n,1<j<m-1

c(v) = J

1, forv=A

i, forv=u2x;;1<1i<n,

From the function can determine rvc(W,, > S,,) = n. O

Conjecture 1. Let G be any graph. Let Bt, be a
Triangular Book graph. The rainbow vertex connection
number of G > Bt,, is rve(G > Bt,) = diam(G) +
diam(Bt,) — 3.

Conjecture 2. Let G be any graph. Let S, be a Star
graph. The rainbow vertex connection number of G > S,
is rve(G > Sy,) =n.

CONCLUSIONS

We have studied the rainbow vertex connection number
of some comb product, namely P,, > Bt,,, S, > Bt,
L, > Bty,,, Fy, > Bt,, and W,, > Bt,,. The result
obtain that all values of rvc(G) take a place in the lower
bound rve(G) > diam(G) — 1. The result shows that
for rve(P, &> Bt,,), rve(S, & Bty,), rve(Ly, > Bty,),
rve(Fp,n = Bty), rve(P, > S,,), rve(Cy, &> Sp,), and
rve(W, > S,,) are respectively as follows:

1. a comb product denote by P,, > Bt,, for n > 2 dan
m > 2, then rainbow vertex connection number

Bt (1 forn = 2 and
rvc(P, - m> 2

_{ n—2; forn >3 and
L m > 2

2. a comb product denote by S,, > Bt,, forn > 3
and m > 2, then rainbow vertex connection number
rvc(Sp > Bty,) = 1.

3. a comb product denote by L, > Bt,,, forn > 3
and m > 2, then rainbow vertex connection number
rve(L, > Bt,,) =n.

4. a comb product denote by F,, , > Bt,, for m > 3,
n > 2,and p > 2, then rainbow vertex connection
number rvc(Fy, ,> Bt,) = 3.

5. a comb product denote by P, > S,, for n > 3
and m > 2, then rainbow vertex connection number
rvc(Pp> Sp) =n — 2.

6. a comb product denote by C,, > S, forn > 3
and m > 2, then rainbow vertex connection number
rvc(Cp > Sp) = n.

7. a comb product denote by W,, > S, forn > 4
and m > 2, then rainbow vertex connection number
roc(W,> S,,) =n.
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