Proceeding The 15t IBSC: Towards The Extended Use Of Basic Science For Enhancing
Health, Environment, Energy And Biotechnology 325
ISBN: 978-602-60569-5-5

On The Total r-dynamic Coloring of Edge Comb Product graph G > H

Dwi Agustin Retno Wardani?, Dafik!3, Antonius C. Prihandoko'#, Arika I. Kristiana'-3

LCGANT University of Jember Indonesia
2Mathematics Depart. University of Jember Indonesia
3Mathematics Edu Depart. University of Jember Indonesia
4System Information. Depart. University of Jember Indonesia
e-mail: 2i.agustin@gmail.com

Abstract—Given that two natural numbers r, k. By a proper total k-coloring of a graph G, we mean a map

c: V(@G)U EG) — {1,2,...,

k}, such that any two adjacent vertices and incident edges receive different colors. A

total r-dynamic coloring is a proper k-coloring ¢ of G, such that Vo € V(G),|c(N(v))| > min{r,d(v) + |N(v)|} and

Ve € E(G), |c(N(e))| > min{r,d(v) +

d(u)}. The total r-dynamic chromatic number, written as x..(G), is the minimum & such

that G has an r-dynamic total k-coloring. A total r-dynamic coloring is a natural extension of r-dynamic coloring in which we
consider more condition of the concept, namely not only assign a color on the vertices as well as on the edges. Consequently,
this study will be harder. In this paper, we will initiate to analyze a total »-dynamic of an edge comb product of two graphs,
denoted by H > K, where H is path graph and K is any special graph. The result shows that the total »-dynamic chromatic

number of P, > K.
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INTRODUCTION

Let G be a simple, connected and undirected graph.
By a proper total k-coloring of a graph G, we mean a
map ¢ : V(G) U E(G) — {1,2,...,k}, such that any
two adjacent vertices and incident edges receive different
colors [1]. Azizah et al. in [2] defined a total r-dynamic
coloring is a proper k-coloring ¢ of GG, such that

1. Yv € V(G), |e(N(v))| = min[r,d(v) + |N(v)]|] and
2. Ye=uv € E(Q), |c(N(e))| > min|r,d(v) + d(u)]

The total r-dynamic chromatic number, written as
X,.(G), is the minimum k such that G has an 7-dynamic
total k-coloring. A total r-dynamic coloring is a natural
extension of r-dynamic coloring in which we assign a color
on the vertices as well as on the edges. In this paper, we
will initiate to analyze a total r-dynamic of an edge comb
product of two graphs, denoted by H > K, where H is star
graph and K is any special graph.

Saputro et. al firstly introduced a comb product of
graph in [3]. Let H and K be two connected graphs. Let
o be a vertex of K. The comb product between H and
K, denoted by H > K, is a graph obtained by taking one
copy of H and |V (H)| copies of K and grafting the i-th
copy of K at the vertex o to the i-th vertex of H. By the
definition of comb product, we can say that V (H > K) =
{(a,v)|la € V(H),v € V(K)}and (a,v)(b,w) € E(H>
K) whenever a = b and vw € E(K), or ab € E(H) and
v=w=o0.

A natural extension of comb product of graph is an
edge comb product of graph. Let H and K be two
connected graphs. Let e be an edge of K. The edge
comb product between H and K, denoted by H > K, is
a graph obtained by taking one copy of H and |E(H)]
copies of K and grafting the i-th copy of K at the edge
e to the i-th edge of H. By the definition of edge comb
product, we can say that V(G > H) = {(a,v)la €
V(G);v e V(H)}U{(a,v,z)|a € V(GQ);v,z € V(H)}
and if v = wand z = y, y = w then E(G >

H) = ,0)(b,w, z)|a,b € V(G);v,w,z € V(H)} U

(a
{(b,w, 2)(c,w,y)|b,c € V(G);z,w,y € V(H)} U
{(c,w,y)(d,v)|c,d € V(Q);v,w,y € V(H)}ifa = b
then E(G > H) = {(a,v)(b,w)|a,b € V(G);v,w €
V(H)}sop = [V(GE H)| = qu(p2 — 2) + prand
q=|E(GE>H)| = qq.
For r = 1, it is easy to see that the total 1-dynamic

of any connected graph satisfies x”"(G) > A(G) + 1
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where A(G) is the maximum degree of graph G, see [1].
Behzad and Vizing [4] also proved that the total 1-dynamic
chromatic number for every graph G satisfies A(G)+1 <
X" (G) < A(G)+2. However, we have not fixed the lower
bound of the total r-dynamic of any connected graph. But
the following observation holds:

Observation 1. Let A(G) be a maximum degree of a
graph G. the total r-dynamic of any connected graph
satisfies the following X" (G) < xj(G) < x4(G) < - --
<

X7 (G)-

THE RESULTS

We are ready to show our main theorems. There are
two theorems found in this study that is exponential graph
P,> Cyand P, > W,,.

Theorem 1. Forn > 3, m > 3, and r = 2A the total
r-dynamic chromatic number of edge comb product graph
G=(P,>Cy) is:

A+1; forl<r<di+1

2A +1; forr > 2A

Proof. An edge comb product of path graph with cycle

graph, denoted by (P, > Cyy),n > 3and m > 3,is a
connected graph with vertex set V(P, > Cyy) = {z;;1 <
i <npU{x;;;i <i<n—1;1<j<m—2},andedge set
E(P, > Cp) ={ziriy1;1 <i <n—1}U{ziz; ;151 <
Zgnf].,]: 1}U{IL’17J£L'Z7J+1,1 SZSTL*].,:[ Sj §
m—3}U{z; jxit1;1 < i <n—1;j = m—2}. The order
andsize of (P, > Cp),n > 3,m > 3are |[V(P,>C,,)| =
nm—m-—n+2, |E(P,>Cy)|=mn—m, A(G) =4
and § = 2.
Case 1. For x/(P, > C,,,) = A+ 1 it will be showed that
X2 (Pn>Ch) > A+1, suppose X7 (P, >Cp,) < A+1let
X2 (P, & Cy,) = A then there is incident edge which has
same color. As illustration see the coloring pattern with
X (P, > Cp,) = A we can see the function:

c1(x;) =imod 3; ¢1 (z;xiy1) = i+ 2 mod 3;
c1(ixs1) =55 1 (T mea;) = 4.5
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(3 ifj=1s0i=1mod3

1; ifj=1mod2andj+#1so

i # Omod 3 or

if j=0mod 2 so¢=0mod3
2; if j =0 mod 2 so i # 0 mod 3 or
L if j=1mod 2 so¢=0 mod 3

From coloring function ¢; we can see thafPoti
maticAmsmbebeofiusedytidiliic CedlbrnglisAF 1
gﬁj}%/? Cm) > A +1, then X{r/(Pn > Cm) =A+1,
sOX"(Sn > Sm)r =A+1;1<r <4
Case 2. For (P, > Cy,) = 2A it will be showed that

T

X2 (P, &> Cy) > 2A, suppose xo/ (P, > Cy,) < 2A let
Xy (P, > Cp,) = 2A — 1 then function of total coloring
is ¢;. Let vertex which has degree 2 is denoted by z;
in illustration ¢; above, we can see that |C'(N(z1)] = 3
and min{r,d(x1) + |N(z1)|} = min{4,4} = 4 then
3 # 4 it’s contradiction. So that x//(P, > Cy,) > 2A.
Furthermore, it will be showed that x!'(P,, > Cp,,) < 2A
by coloring (P, > C},,) by using function co. Suppose
D = {1,2,--- ,k} is the set of k-coloring and ¢y is
the which mapping the vertex and edge to D then ¢y =
V(P, > Cr)UP, > Cp) — {1,2,-- ,k} forn > 3,
m > 3 and A = 4 the function as following:

CQ(I1,$271'3,1'4, s, ) = (1737 57 2a47 )9
02(51311'2,121’3,IZ?3LL‘4,I’4.’E5,IL’5IE6, ) = (2,47 ]., 3, 5, ),
c2(r1,121,2, 01,221 3, 21,371 4, -..) = (6,7,8,...).

From coloring function ¢y we can see that total

chromatic number of r-dynamic is x// (P, > Cp,) < 2A,
because x/ (P, > Cy,) < 2A and X/ (P, > Cy,) > 2A,
then X/ (P, > Cp,) = 2A. So x" (P, > Chy)r = 2450 +
2<r<2A-1.
Case 3. For X/ (P, >C,,) = 2A+1 it will be showed that
X! (P,>C) > 2A+1, suppose X7/ (P, >C,,) < 2A+1
let x//(P, > C,,) = 2A then function of total coloring
is co. Let vertex which has degree 4 denoted by x5. In
illustration co above, we can see that |¢(N(z2))| = 7
and min{r,d(z2) + |N(x2)|} = min{8,8} = 8 then
7 # 8 it’s contradiction. So that !/ (P, > C,,) > 2A + 1.
Furthermore, it will be showed that x// (P,,>C},) < 2A+1
by coloring (P, > C,,) by using function c3. Suppose
D = {1,2,--- ,k} is the set of k-coloring and cj is the
function which mapping the vertex and edge to D then
cs = V(P,>Cn)UP, > Cr) — {1,2,-- ,k} for
n > 3, m > 3 and A = 4 the function as following:

03(x1,x27x3,m4, s, ) = (1,37 57 2a4a ),
c3(x1T2, ToX3, T3T4, T4T5, T5T6, -..) = (2,4,1,3,5,...);
c3(w1,1,21,2, 21,3, %14, ...) = (6,7,8,9,...).

From coloring function c3 we can see that total
chromatic number of r-dynamic is x/ (P,>C,,) < 2A+1,
because x/ (P, > Cr,) < 2A + 1 and x//(P, >
Cpm) 220+ 1, (X)) = 2A+ 1,50 X (P, > Cyp) =
2A + 1. In the exponential graph (P, > C,) the value
of min{r, maz{d(u) + d(v)}} = max{d(u) + d(v)} =
2A+1 and min{r, maz{d(u)+|N(u)|}} = maz{d(u)+
[N (u)|} = 2A + 1 resulting x/'son (P > Cpy) = 2A +
1.

So the Theorem is proved. |

Theorem 2. Forn > 3, m > 3, and r = 2A the total
r-dynamic chromatic number of edge comb product graph
G=(P,>W,) is:
A+1; forl<r<d+1
Y r+1; ford+2<r<2A-2
Xr (PnBWm) = ¢ 9A +1; forr >2A — 1

Proof. An edge comb product of path graph with wheel
graph, denoted by (P, > Wy,),n > 3and m > 3,isa
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connected graph with vertex set V (P, > Wy, ) = {z;; 1
<i<njU{A;1<i<n—1}U{z;;;i<i<n-—
1;1<
j < m — 2}, and edge set E(P,, > W,,,) = {232,415 1
<i <n—-1}U{Ax;l < i <n—-1}U{Axi;
1<
i < n—1U{dzi;31l < i <n—11 <5 <
m—2}U{xixi’j}; 1 < 1 < n—l,j = 1}U{xi,jxi,j+1; 1 <
i<n—-1;1<j<m-3}U{z;jzip1;1<i<n—-1;j =
m — 2}. The order and size of (P, > Wp,),n > 3,m > 3
are [V(P, > W,)| = nm —m+ 1, |[E(P, > W,,)| =
2(mn —m), d = 3 and 6; form <6
m; form > 6

CONCLUDI]iG REMARKS

We have found that some total »—dynamic chromatic
number of exponential graph P, > H. It is interesting
to characterize a property of any graph operation to have
an exact value or lower bound of their total r—dynamic
chromatic numbers.

Conjecture 1. Let A be maximum degree of graph P,,>H.
The upper bound of total r-dynamic chromatic number of
P,>Hisx"(P,> H) <2A + 1. It is sharp.

Note. Let veV (G) with v as maximum degree. According
to Kowalik [5] and [6], all of graphs are limited, simple
and undirected. If it let G = (V(G),E(G)) is a
graph with vertex set (V(G) and edges set E(G). Total
coloring of graph G is mapping ¢ : V(G) U E(G) —
[1,2,3..., k] where [1,2, 3, ..., k] is a color set that complete
this condition:

l. ¢(u) # c(v), for every two vertices that adjacent,
where u, veV (G);

2. c(uw) # e(u'v), for every two two edges that adjacent,
where uv, u've E(G);

3. ¢(v) # c¢(uv), forevery vertex veV (G) and other edges
wveE(G) incident in vertex v.

From the statement 1 we found x” > A 4+ 1 so that
every adjacent vertices must have different colors. From
statement 2, we see that every adjacent edges must have
different colors to v where v is maximum degree. So that:

X/ >A+1=A+1+A

Xr>A+1=2A+1 O
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