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Abstract— The graph operation is one method to construct a new graph by applying the operation to two or more graph.
One of graph operation is amalgamation, let { H;} be a finite collection of nontrivial, simple and undirected graphs and let each
H; has a fixed vertex v; called a terminal. The terminal of graph operation is formed by taking all the H;’s and identifying their
terminal. When H; are all isomorphic graphs, for any positif integer n, we denote such amalgamation by G = Amal(H, v, n),
where n denotes the number of copies of H and v is the terminal. The graph G is said to be an (a, d)- H-antimagic total graph
if there exist a bijective function f : V(G) U E(G) — {1,2,...,|V(G)| + |E(G)|} such that for all subgraphs isomorphic to H.
The total H-weights W (H) = 3=,y ) f(v) + X cc p(ar) f(e) form an arithmetic sequence {a,a + d,a +2d, ...,a + (n — 1)d},
where a and d are positive integers and n is the number of all subgraphs isomorphic to H. An (a, d)-H-antimagic total labeling
f is called super if the smallest labels appear in the vertices. In this paper, we study a super (a, d)-H antimagic total labeling
of connected of graph G = Amal(H, Ps12,n) by uses a partition technique with cancelation number. The result is graph
G = Amal(H, Ps2, n) admits a super(a, d)-H antimagic total labeling for almost feasible difference d.
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INTRODUCTION

Antimagicness total labelling on the graph G is a
mapping of the set edge or vertex to the set of positive
integers. It is a bijective function f V(G) U
E(G) — {1,2,...,|[V(G)] + |E(G)|}. Such that for
all subgraphs isomorphic to H, admit the total H-weight
w(H) = ZUEV(H) fv) + ZeeE(H) f(e) form an
arithmetic sequence {a,a + d,a + 2d, ...,a + (n — 1)d},
where a and d are positive integers and n is the number of
all subgraphs of GG isomorphic to H. It could be called an
(a, d)-H -antimagic total labeling of G if such a function
exist. An (a,d)-H-antimagic total labeling f is called
superif f : V(G) = {1,2,...,|V(G)|}.

Some articles about (a, d)-H-antimagic total labeling
can be cited in [?, 2,3, 4, 5, 6, 7, 8, 9]. One of article
at Inayah ef al. in [3] explaining about connected graph.
They proved that, for H is a non-trivial connected graph
and k£ > 2 is an integer, shack(H,v, k) which contains
exactly k£ subgraphs isomorphic to H admit H-super
antimagic. But they only covered a connected version of
shackle of graph when a vertex as a connector, and their
paper did not cover all feasible d. Our paper attempt to
solve a super (a,d)-H antimagic total labeling of G =
Amal(H, Ps9,n) for connected graph when H is any
graph and the terminal is path for feasible d.

To show those existence, we will use an integer set
partition technique introduced by [[10, ?]. This technique
used in determining the feasible difference d. Letn, m, and
d be positive integers. We consider the partition P, (4, j)
of the set {1,2,...,mn} into n columns, n > 2, m-rows
such that the difference between the sum of the numbers
in the (§ + 1)th m-rows is always equal to the constant d,
where j = 1,2,...,n — 1. Figure || is the illustration of
graph G = Amal(H, Py 12, n).
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Fig 1. Illustration of graph G = Amal(H, P 12,n)
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A USEFUL LEMMA AND COROLLARY

Let G be an amalgamation of any graph H, denoted
by G = Amal(H, Ps;2,n). The graph G is a connected
graph with [V(G)| = pe, |E(G)| = g, |V (H)| = pu,
and |E(H)| = qp. The vertex set and edge set of the graph
G = Amal(H, Ps12,n) are: V(G) = {A, B} U {vg;1 <
k<s,s=|%]m—[2]}U{v;;,1<i<m,1<j<n}
and E(G) = {Avi,vpvp41,vsB;1 < k < s,8 =
L5]m— 5] U{e;1 <1 <r1<j<n} Letn,mbe
positive integers with n > 2 and m > 3. Thus |V (G)| =
pe = (s+2)+mnand |[E(G)| =qa = (s+ 1) + nr.

The upper bound of feasible d for G =
Amal(H, Ps,2,n) to be a super (a, d)-H-antimagic total
labeling follows the following lemma [?].

Lemma 1. /?] Let G be a simple graph of order p and size
q. If G is super (a, d)-H-antimagic total labeling then d <
(pG—PH)pH"F(QG—(]H)QH,for ve = V()] ¢c = |E(G)],

n—1

pu =|V(H)|, qu = |E(H)|, and n = |H}|.

Thus for pg = npy — (n — 1)(s + 2) and g =
ngy — (n — 1)(s + 1), we have the following corollary.

Corollary 1. For n > 2, if the graph G =
Amal(H, Psy9,n) admits super (a, d)-H-antimagic total
labeling then d < p% + q% — (s +2)py — (s + 1)qu

We will use the partition for a linear combination in
developing a bijection of vertex and edge label of the main
theorem.

Lemma 2. [?] Let n and m be positive integers. The
sum of P, (4,7) = {t—Dn+j4 1 < i< m}

m,d1
and P, 4. (i,5) = {(j — Dm +1i; 1 < i < m} form

an aritmatic sequence of difference dy = m,dy = m?},
respectively.

Proof. By simple calculation, for 1 < j <
n, it gives Y PR () = IS 4opg ooy
{m2n;nm + m’ anfnm +

2 Phm(bd) = 2

2m,...,m2"+”m—i—(n—l)m,...,mznf_W—l—nm}and

S PR i) = T pm2k s PR (i) =

m,m?2
2

{(m72m2) 4 mQ, (m;m?) 4 2m2’ o m n;nm + (TL _

Lym?, ..., 7”2”%"” + nm?}. It concludes the proof. [
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Lemma 3. Let n and m be positive integers. For1 < j <
n, the sum of Py, ;.(i,5) = {1 +ni —j;1 < i < m}
and P, ;.(i,5) = {mn +i—mj;1 <i < m} form an
arithmetic sequence of differences dz = —m, dy = —m?.

Proof. By simple calculation, for j = 1,2,...n
lt glves 21 1 an m(l ]) = ,Pzr’bn m( ) S

Prm() = {5m*+m)+m-—mj}
Pr—m (i) = {3(m*+m), §(m?*+m)—m, §(m?+m)—
2m,. , 5 (m* +m)ym—mn}and 300, P o (i) =

", 2(G) ¢ Pr () = {Z2C@mntm+1) -
m2j} +— P m2() = {%(2mn +m+ 1) —

2m(anerJrl)—Zm 5 (2mn + m o+
1) — m?n}. Itis easy to see that the differences of those
sequences are d3 = — m,ds = — m?2. It concludes the

proof. ]
THE RESULTS

As mentioned above, we will use a special technique,
namely an integer set partition technique. We consider
the partition Py, (7, j) of the set {1,2,...,mn} into n
columns with n > 2, m-rows such that the difference
between the sum of the numbers in the (5 + 1)th m-rows
and the sum of the numbers in the jth m-rows is always
equal to the constant d, where j = 1,2,...,n — 1. We
put a cancellation number from a set partition on path.
Thus these sums form an arithmetic sequence with the
difference d. We need to establish some lemmas related
to the partition P}, ;(i,j). These lemmas are useful to
develop the super (a d)-H antimagic total labeling of G =
Amal(H, Psia,n).

Lemma 4. Let n and m be positive integers. For 1 <1
<mand1l < j <mn, the sum of

( %(Bm — 1)+
ds (4,7) { J odd
L (m— %(3m—1)+22
J even
. . . mz_m
form an aritmatic sequence of difference ds = 2 5
Proof. By simple calculation, it gives
- n - 3m2—m\ ;
Z;n17321d5(2 Jj = Pmd5(.7) = (ST)J -
2
m? +m = PR () = () - m? o+
m,2m ,...,(73’”2 MY (g — 1) —m? + m, (73m22_m)n —

m? + m}. It concludes the proof.

Lemma 5. Let n and m be positive integers. For 1 <1
<mandl < j <mn, the sum of

[ Bm-D(" =5 +3
(Bm—1)+(i—1)

;J odd

(Bm = 1)([%52] — 1) + 552
, (3m+1)+2i-m—1
| ;Jj even

P (i) = {

2
Jform an aritmatic sequence of difference dg = —( MT_’" ).

Proof. By simple calculation, it gives

S P, (00) = Phg, (i) = (rgem g

(e 4 m) o+ (S e

hay () = (T 4 [ (B )

(—3m2+m)’(m2(”+2)—m + |zt (3m2—m + m) —
1

41
2 22 2 2 )
3m2 +m’_”7(m(n;$ oL (Bmm )
=3m’+m )1 We have the desired difference. 0
2
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To show the existence of super (a,d) — H
antimagicness of the connected graph G =
Amal(H, Ps,2,n), we present our main theorem above.

Theorem 1. Forn > 2, the graph G = Amal(H, P;12,n)
admits a super (a,d) — H antimagic total labeling with
feasible dis 0 < d < p%+ q% — (s + 2)pu — (s + 1)qu.

Proof.  Let m and r be positive integers, with
m = pg — (s + 2), 7 = qu — (s + 1) where
s = |§]m—[§]Forl <i<mandl < j < n.
The vertex labeling f is a bijective function f : V(G) U
E(G) = {1,2,...,pc + qc}- We can define the vertex
and the edge labels by using Lemma 2,3,4 and 5 as
a linear combination of Py, .. (4,7); Pp, —m,(i,7);
Promz(B3)s Pr 2 (G3)3P" 2, (4,);  and

2

m3m

P’I:’LLG)—(BmgfmG )(Z?]) as fOllOWS:
Fig) = APy (60} VPR, —y (0,
J) @ )
~ > m}
nml} v {Pms m2 ( 7]) @n(tzl

3
P,z (i) @ (Y mi} U

4
{Pn —3m2+mr (7’ .7 @TL E mt
mg, —3—— —1
5
n E
U{P 7377164»7716 (Z J @ n mt
me,
t=1

Homs ~DL2]}
flos) = {(ms+2)+ (z—1)(3ms — 1)

4
(-1 @n(> m);

s
1<z < !

1<y < —1
m5_17 SyYxms }

U{(me +2)+ (x — 1)(3me — 1)

(y— 1) @n(> me);
t=1

1<z<—2 _1<y<mg—1)}
me — 1
6
FAB) = {n(>m)+ (ms+mg—1)lz] ~ 1.
6
n(>-my) + (ms +mg — 1|5}
6
flers) = AP (i) ©n(Y_m)
+(ms +mg ~ 1|51}
6
U{P, o, (02 ) © 1Y)

+(ms +m = )| 5] +nr1}

6
(P 2 i) @ (Y me)
t=1

+(ms +m = 1|5 ] +n(Y_ro)}

6

(P, _,2(i,5) @ n()_my)

t=1
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3
n
+(ms +me —1)| ;rt m6—1)L§j+n;rt)—|—
6 S1 +82+2
n (51482 +1)(
fles) = {n( th m5—|—m6—l)L§J) 2 )}
Wi = wy, ) +wiw) + (A B) +wpe,,)

4
(3" re) +i,1 < i < (s1+ 52) + 1} +Wy(e,)
t=1

3m2 —ms

= C+jl(mi —mg+m2—mi+( 5 )
3mZ —m
—(—5— %) 47— a3 — 1]
Now we can define the total edge-weights of G =
Amal(H, P, 2, n) constitute the following sets: with
2 2
2 — ' 2 o = Mmin—mn  mgn  men
Wiy = g tmgb {5+ 2 2 T2 2
2 2
mon , —
?2—1—7712 — maj + nmims} +nm1m2+w —l—nngmt
t=1
2
ms —m3 3
+{ 27+m3.7+nm3 ;mt +%(2m4n+m4+1)+nm4zmt
my 5. t=1
+{7(2m4n+m4+1)—m43+ 4
3 —m§+m5+nm5th—|—
— Mgy t=1
nmg() mu}+ { — )]
Z TrLZ(TH—Z)—mgJan—i-lJ
4 2 2
2
—m5+m5+nm5(zmt)}+ 3m2 —m >
t=1 (762 6)m6+(n2mt+(m5—l)
m2(n+2)—mg n+1 t=1
(B zme
Smg — Mg —3m§ +ms5. . CAL n(z me) + (ms +me — 1)
() +( 5 )j+ t=1
6
0 n LEJ—1+th+(m5+m6—1)LEJ
n(d>_mi) + (ms — D5} 2 P 2
t=1 2 2
—1 3 —1
s1(m# —1) + s3(3ms — 1) s1(ms —1) +s1(3ms — 1) i
Wiw,) = { pE— + 2ms — 2
4 2 82 mﬁ — ]‘)
So(mg — 1 ns m
n81(zmt)}+{2($) 12 t T
s3(3mg — 1) r3n —rn
s5(3m, +— L s my + —————
+ 2§m6672 + nsa( th 2mg — 2 2; ¢ 2
6
rin —rn . +ri(n Y my+ (ms+me — 1)LEJ)+
We, ;) = {71 5 +7r1) +r1(ant tzzl 2
t=1
2
3n rgn  ran
s +me — 1) 2]} + {2 5ty traE () mit (m

+me — 1) 5] +nr) +
— 2 6
3 +r3(n2mt+

2
myg (m5 + mg — ]. Z
t=1

—&—% + 1y —1aj —l—rg(ant)

+(ms +me — 1|5 +nr1)}

’I“3— 3
2

NE

+{ +r3j 4+ r3(n

t

M L

n
+(ms + meg — 1)L§J +n 7))} (2r4n+ rg+1) +r4(n

||Mc:

t

+{54(2r4n Frat+1)—r2j+

1

) +(m5+m6—1)LgJ+nZn)+
m(ant + (ms + me — l)LgJ =

6
;):1 (s1+ 82+ 1)(n2mt
t=1
0 ) :
t=1 ) +(ms + mg — 1)L§J + nzlrt) +
Whe,) = {(81+52+1)(n2mt+(m5+ S14+ 8942

=1 (51 + 82+ 1)( )

2
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The total edge-weights of G = Amal(H, Psy2,n)
under the labeling f, for j = 1,2,...,n — 1, constitute
the following sets:

Wr = {a,C+2[m; —my
3m?Z —m
s =i+ (A
3m2 —m
—(762 6)—&—7"1—7"24—7“%—7‘2
,...,C+n[m1—m2+m§—mi
(3m§fm5)7(3m§fm6)
2 2

+ry =1y ¥ -]}
The set of total edge-weights W, consists of an
arithmetic sequence of the smallest value a and the

. _ 2 2 3mZ—ms
difference d = (mq — mo + m§ — mj + (22 2) —

(3"12%"16) + 1y —ro + 73 —r3). Since the biggest d
is attained when d = (WT*T”) + r2 then, for m =
pg—(s+2)andr = gy — (s +1),itgives0 < d <
% +q% — (s +2)py — (s+ 1)gu. It concludes the proof.
(]

CONCLUSIONS

We have shown the existence of super antimagicness
of amalgamation of any graph H, denoted by G =
Amal(H, Ps49,n) for connected graph, by using a
partition technique we can prove that Amal(H, Ps42,n)
admits a super(a, d)-H antimagic total labeling for almost
feasible difference d. We also note that if the amalgamation
of any graph H contains a subgraph as a terminal then
finding the labels for feasible d remains widely open. Thus,
we propose the following open problems.

Open Problem 1. Let K be a subgraph of H, does G =
Amal(H,K C C,n) and G = tAmal(H,K C C,n)
admit a super (a,d) — H antimagic total labeling for
feasible d?
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