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Abstract—Let G = (V,FE) be a simple, nontrivial, finite, connected and undirected graph. Let ¢ be a coloring
c: E(G) — {1,2,...,k}, k € N. A path in an edge colored graph is said to be a rainbow path if no two edges on the path have
the same color. An edge colored graph G is rainbow connected if there exists a rainbow « — v path for every two vertices u
and v of G. The rainbow connection number of a graph G, denoted by rc(G), is the smallest number of & colors required to
edge color the graph such that the graph is rainbow connected. Furthermore, for an I-connected graph G and an integer &
with 1 < k <[, the rainbow k-connection number rc;(G) of G is defined to be the minimum number of colors required to color
the edges of G such that every two distinct vertices of G are connected by at least k internally disjoint rainbow paths. In
this paper, we determine the exact values of rainbow connection number of exponential graphs, namely Path of ladder as
exponent, Cycle of Ladder as exponent, Cycle of Triangular Ladder as exponent, Cycle of Complete as exponent. We also

proved that rca (G) = diam/(G) + 1.

Keywords—Rainbow [-Connection Number, Graph Operations.

INTRODUCTION

Suppose G is a simple connected graph with a set
of points V(G) and edge F(G). Let G be a nontrivial
connected graph on which is defined a coloring ¢
E(G) — {1,2,...,k},k € N, of the edges of G, where
adjacent edges may be colored the same. A u — v path P
in G is a rainbow path if no two edges of P are colored
the same. The graph G is rainbow-connected (with respect
to ¢) if G contains a rainbow u — v path for every two
vertices v and v of G. In this case, the coloring c is called
a rainbow coloring of GG. If k colors are used, then c is
a rainbow k-coloring. The minimum k for which there
exists a rainbow k-coloring of the edges of G is the rainbow
connection number r¢(G) of G. A rainbow coloring of G
using r¢(G) colors is called a minimum rainbow coloring
of G. This definition can be find in Chartrand in [[].

An easy observation is that if G has n vertices then
rc¢(G) < m — 1, since one may color the edges of a given
spanning tree with distinct colors, and color the remaining
edges with one of the already used colors or leave the
remaining edges uncolored, Caro in [2]. Also notice that,
clearly, r¢(G) > diam(G) where diam(G) denotes the
diameter of G, Caro in [2]. So we have:

diam(G) < re(G) <n —1 (1)

A well-known result shows that in every [—connected
graph G with [ > 1, there are k internally disjoint u — v
paths connecting any two distinct vertices u and v for every
integer k£ with 1 < k < [ [3]. Chartrand et al. [4]
defined the rainbow k-connectivity rci(G) of G to be the
minimum integer j for which there exists a j-edge-coloring
of G such that for every two distinct vertices v and v of G,
there exist at least k internally disjoint  — v rainbow paths.

By the definition of rainbow k-connectivity rci(G),
we know that it is almost impossible to derive the exact
value or a nice bound of the rainbow k-connectivity for
a general graph G [3]. So one investigates the rainbow
k-connectivity of some classes of special graphs. In this
article we discuss rc(G) for G is the graph operation Path
Powers ladder, Cycle Powers Triangular Ladder, and Cycle
Powers Complete with the order of Cycle is even, all its
rc(G) value is filled by diameter. For rcy(G) we find that
the graph with rca(G) = diam(G) + 1 filled by Cycle
Powers Triangular Ladder and Cycle Powers Complete
when the order of Cycle is four. We determine rcy (G) by
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using edge coloring function. Edge coloring function is a
set {1,2,...,n} so we write 0 = mod b as b = mod b.

THE RESULTS

In this section we proof that r¢(G) = diam(G) for G
is fan, path edge comb ladder, and cycle edge comb cycle.
For rco(G) we proof that reg (G) = diam(G) + 1.
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Fig 1. Graph G = Fs withrca(G) =5

Theorem 1. Let G be a fan graph, its rainbow
2-connection number is rca(G) = n.

Proof. Suppose G = F,,. The graph G has vertex set
V(G) = {z;;1 < i < n}U{A} and edge set E(G) =
{zixir1;1 <i<n—1}U{Az;1 < i < n}. Definea
color cof theedges c: E(G) — {1,2,...,k},k € N:

cle) =i,e € {aiwip1;1 <i <n—1}U{Az;;1 <i<n}

It is easy to see that the color ¢(e) reach a maximum value
when e = Ax,, and ¢(e) = n. Thus, rca(G) < n. Based
on Theorem , the lower bound of rainbow 2-connection
number of G is r¢c2(G) > (n+1) —2 = n — 1. However,
we can not attain this sharpest lower bound. Consider edge
set B = {z;z;41|1 <i<n—1}and B” = {Az;|1 <i <
n}. If we color n edges of E” by n — 1 colors, then there
exist e1, e2 € E’ such that ¢(e1) = ¢(ez), without loss of
generality we can choose ¢; = Az; and e5 = Ax,. Since
F,, is 2-connected graph and rco(F),) = n — 1 then there
must exist two disjoint paths between any two vertices.
Consider vertex z; and vertex z,, which give two disjoint
paths between x; and z,,. The first possible rainbow path
iS x1T3 ... Tn_12y, the second is x1 Az, for 1, A and
Zp is not rainbow path as c(x14) = c(Ax,). Thus, we

The Rainbow (1,2)-Connection Number of Edge Comb Product Graph and It’s Lower Bound



Proceeding The 15t IBSC: Towards The Extended Use Of Basic Science For Enhancing
320 Health, Environment, Energy And Biotechnology
ISBN: 978-602-60569-5-5

have lower bound of rainbow 2-connection number of GG is
rca(G) > n. It concludes that 7o (G) = n.
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Fig 2. Edge comb product graph PF* with re(G) =7

Theorem 2. IfG = P,, > L,,, then the numbers rc¢(G) =
2m +n — 3.

Proof. Graph G = P,, > L,,, is graph with cardinality:
V(G) = {xi]l <t <npU{y1 <i<n-1,1<
j<m-1}U{z;1<i<n-11<j<m-1}
and E(G) = {zz11]it <i <n—1}U{ziyia]|l <4
n— 1} U{wip12;, 1|1 <i<n-1}U {yz,Jyz,JJrl“
i <n—11<j <m-=2}U{z;z,|l <i

n—1 1§j <m—2}U{y;;z,;1<i<n—-1,1<j

- 1}. The value of |V(G)| = n + 2(n — 1)(m -
and |[E(G)] = (n — 1)(3m — 2). The diameter of G,
diam(G) = 2m + n — 3. Number r¢(G) is given by the
following function:
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The maximun value of ¢(e) = 2m +n — 3 or r¢(G) <
2m + n — 3 and by Inequality [l r¢(G) > 2m +n — 3
so r¢(G) = 2m + n — 3. We cannot determine rca(G)
because G = P,, > L, is 1-connected graph.

Fig 3. Edge comb product graph C$™ with r¢(G) = 6
Theorem 3. If G = Cy > Cy,, then the numbers rc(G) =
m + 1 for m odd and rc(G) = m + 2 for m even.

Proof. Graph G = C, &> (), is graph with cardinality:
V(G) ={ay]l <i<4}uU{z ]l <i<41<35<
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— 2} and B(G) = {xjzipa]i < i < 3} U {wag} U
{x]x]+1|1 <i<41<j<m-3YU{zai|l<ic<
4y U {m;q2t, 5|1 <i <3} U{zat,_5}. The value of
[V(G)| = 4m — 4 and |E(G)| = 4m. The diameter of G,
diam(G) = 2m + n — 3. Number r¢(G) is given by the
following function for m odd:

{ m+1, eé€ {xexsUzaz1}

, M ec {xlmgUmgm}
1, e € {zizi|l <i<4}
c(e) = { m—1, e€{zirirh, 5|1 <i<4Uzy
Tm— 2}
V4l ee{xial 1<i<4,1<;5<
\ m— 3}

The maximun value of c(e¢) = m + 1 orre(G) < m+1
and by Inequality [l 7¢(G) > m + 1 so r¢(G) = m + 1.

(™ e € {zizaUrzzaUat, x%l}
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= 2
() { 1, e € {zxl|l <i< 4}
, m—1, ee{m¢+1x§n_2|1§i§3u
' $1Im 2}
. J+1, ee{qu:]+1|1<i<41<j§
\ -1,2<j<m-2}

The maximun value of c(e) =m+2orre(G) <m+2
and by Inequality I 7¢(G) > m + 2 so r¢(G) = m + 2.

CONCLUSIONS

In this paper, we have presented the number of r¢(G)
and ¢y (@) for graph operation of some special graph. The
number r¢(G) for G is the graph operation Path Powers
ladder, Cycle Powers Triangular Ladder, and Cycle Powers
Complete with the order of Cycle is even, all its r¢(G)
value is filled by diameter. For rco(G) we find that the
graph with rc2(G) = diam(G) +1 filled by Cycle Powers
Triangular Ladder and Cycle Powers Complete when the
order of Cycle is four. Also in this paper, we proposed a
lower bound for rco(G): max {|C(u,v)| — d(u,v)}, for
C'(u, v) is cycle that contain any vertex v and v in V(G).

Besides the result we also, have a question as open
problem: Do rc(C,, < H) > diam(C,, < H) for H be
any simple connected graph and n is odd and greater than
47?” or in general we want to know: Is there any relation
between the size of cycle in G with the value r¢(G) (greater
or equal to diameter)?””.
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