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ABSTRACT

In this paper, graphs are finite and connected graph. Let f:V (G) —
{1,2,...,k} be a vertex coloring of a graph G where two adjacent vertices may
be colored the same color. Consider the color classes m = {Cy,C5,..., Cy}-
For a vertex v € G, representation color of v is the k-vector r(v|mr) =
d(v,, C1),d(v, Cy),...,d(v, Cy)), where d(v,C;) = min{d(v,c); ¢ €
Ci}. If r(u | ) #= r(v | IT) for every two adjacent vertices u and v of G, then
f is called a metric coloring of G. The minimum k for which G has a metric k-
coloring is called the metric chromaticnumber of G and is denoted by u(G). In
this paper, we study the metric chromatic numbers of related wheel graphs namely
double wheel graph, web graph, friendship graph and helm graph.
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INTRODUCTION

We consider finite and connected graphs. Let G = (V,E) be a graph G with the vertex
set, V(G) and the edge set E(G). The distance between two distinct vertices u, v €
V(G)is the length of a shortest uv path in G, denotedby d(u,v). The concept
introduced by Chartrand, et.al [2], [5]. Suppose that f: V (G) = {1,2,...,k} is a k-
coloring of G where two adjacent vertices may be colored the same color. Consider
the color classes n{C;, C,, ..., Ci}. For a vertex v € G, representation color of v is the k-
vector r(v|IT) = (d(v, Cy),d(v, Cy),...,d(v,C)) where d(v,C;) = min{d(v,c);c €
C;}. If r(u|Il) # r(v|IT) for every two adjacent vertices u and v of G, then f is called a
metric coloring of G. The minimum k for which G has a metric k-coloring is called the
metric chromatic number of G and is denoted by p(G). This definition introduced by
Zhang, et.al [3].

Alfarisi, et.al [1] founded the metric chromatic number of unicyclic graph.
Futhermore, Rohmatulloh, et.al [4] obtained the metric chromatic number of comb
product of ladder graph. Two proposition of the metric chromatic number introduced by
Zhang, et.al [3] as follows.

Proposition 1.1. Let G be a connected graph of order n, 2 < pu(G) < x(G) < n.

Proposition 1.2. If G is a connected graph with y(G) = 3, then u(G) = 3.
RESULTS

We study the metric coloring of related wheel graphs, namely double wheel
graph, web graph, friendship graph and helm graph.
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Theorem 2.1. Consider wheel graph W, forn > 3, then u(W,) = 3.

Proof. VIW,) ={a,ai;1<i<n} and EW,) ={a,a;1<i<n}U{aaqs;l<
i <n-—1}U{a,a,}. Based on Proposition 1, u(W,) = 2. Thus, this proof divided
into two cases as follows.

Case 1. For niseven

We prove that u(W,) < 3. Let f:V(W,) - {1,2,3} be a vertex coloring (two
adjacent vertices may be colored same color). The construction of coloring ingraph
W,, with the periodic label incycle (2,3,2,3,2,3,2,3,...,2,3) and 1 for center of wheel
graph. Furthermore, the label color and the representation ofvertices in wheel graph
W, respect to with class color IT = {C,, C,, C3}where C; = {a}, C, = {a;; i is odd}
and C; = {a;; i is even} as follows.

1, v=a
f(x)=1<2, v € aq;iodd

3, vV € alieven

Based on the color label f in wheel graph W},. Thus, we have the representation as
follows.
r(alll) = (0,1,1);
r(a;|M) = (1,0,1), for i is odd;
r(a;|IT) = (1,1,0), for i is even.

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(a;|IT) # r(ag+n|IT) or r(a|ll) # r(a;|IT). We obtain pu(W,) < 3. Hence, u(W;,) =
3

Case 2. For n is odd

We prove that u(W,) < 3. Let f:V(W,) - {1,2,3} be a vertex coloring (two
adjacent vertices may be colored same color). The construction of coloring in graph W,
with the periodic label in cycle (1,2,3,2,3,2,3,...,2,3,1,1) and 1 for center of wheel
graph. Furthermore, the label color and the representation of vertices in wheel graph W,
respect to with class color I1 ={C;, C;,C3} where C; ={a,ap-1),a,}, C; =
{a;; iiseven,2 <i<n-—2}and C3 ={a;; iisodd,2 <i <n — 2} as follows.

1, v E {a, a(n_l),an}
f(x) =12, v €aqjieven,2 <i <n—2

3, vE€a,iodd,2 <i <n -2

Based on the color label f in wheel graph W;,. Thus, we have the representation as
follows.
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r(ag-n|M = (0,2,1);
r(a,|IT) = (0,2,2);
r(a;|l1) = (1,0,1), foriiseven,2 <i<n-—2;
r(a;|l1) = (1,1,0), foriisodd,2 <i<n-—2.

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(a;|T) # r(agepl)or r(a|M) # r(a;|11). We obtain  p(W,) < 3. Hence,
u(w;,) = 3.

Lemma 2.1. Let G be related wheel graph and W, be wheel graph, then u(G) = u(W;,)
Proof. To prove this lemma, we will illustrate by describing the following conditions:
(i). Let G be related wheel graph such that K subgraph G, where K be rim of wheel
graph. Rim wheel graph is cycle order three, C; then it has 3 different colors;
(ii). Based on Theorem 1, u(W,,) = 3;
(iii). Because G related wheel graph then there is a possibility that the order and size of
G is bigger than the wheel graph.
By (i), (ii) and (iii), we get that u(G) = u(W;,). It completes the proof.

Some graphs of related wheel graph are web graph, double wheel graph, friendship
graph and helm graph.

Theorem 2.2. Consider web graph Wb,, forn > 3, then u(Wb,,) = 3.

Proof. V((Wb),) = {a,a;,b;,c;;1 <i<n}and E((Wb),) ={aa;; 1 <i<n}uU
{a;b;1<i<n}U{giagi;1<i<n—-1}U{aa,} U{bbis1;1<i<n—-1}U
{b1b,} U {b;c;;1 <i <n}. Based on Lemma 2.1, u((Wb),) = u(W,) = 3. Thus, we
prove that u((Wb,,) < 3. Let f:V (Wbh),,) — {1, 2, 3} be a vertex coloring (two adjacent
vertices may be colored same color). The construction of coloring in graph Wb,, with the
periodic label in cycle (2,3,2,3,2,3,...,2,3), (1,1,1,1,1,1,...,1,1) in outer cycle and 1 for
center of web graph. Furthermore, the label color and the representation of vertices in
web graph (Wb,,) respect to with class color IT = {C;, C,, C3} where C; = {a, b;, ¢;},
C, ={a;;iisodd}and C; = {a;; i is even} as follows.

1, v € {a,b;, c;}
f(x)=<2, v €a;iodd

3, vV E a;lieven

Based on the color label f in web graph Wb,,. Thus, we have the representation as
follows.

r(alh) = (0,1,1);
r(b;|IT) = (0,1,2), for i is odd;
r(b;|IT) = (0,2,1), for i is even;
r(a;|IT) = (1,0,1), for i is odd,;
r(a;|IT) = (1,1,0), for i is even;
r(c;|IM) = (0,2,3), for i is odd;
r(c;|IM) = (0,3,2), for i is even.
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Clearly, for every two adjacent vertices has distinct representation, we can see in
T(ai|17) * r(a(i+1)|H) or r(bl|17) * T(b(i+1)|H). We obtain U(an) < 3. Hence,
w(Wh,) = 3. It completes the proof.

Theorem 2.3. Consider double wheel graph DW,, for n > 3, then p(DW,,) = 3.
Proof. V((DW),) ={a,a;,b;1<i<n} and E((DW),) ={aaq;1<i<n}u
{a;b;1 < i <nyU{gagi;1<i<n—-1}U{aa,} U{bbis1;1<i<n—-1}U
{b,b,}. Based on Lemma 2.1, u((DW),,) = 3. Thus, we prove that p((DW),,) < 3. Let
f:V({(DW),) — {1, 2,3} be a vertex coloring (two adjacent vertices may be colored same
color). The construction of coloring in graph DW, with the periodic label in cycle
(21,21,2,1,...,2,1),(1,1,1,1,1,1,...,1,1) in outer cycle and 1 for center of double wheel
graph. Furthermore, the label color and the representation of vertices in double wheel
graph (DW,,) respect to with class color IT = {C;,C,, C3} where C; = {a,b;}, C, =
{a;,; iis odd}and C;3 = {a;; i is even} as follows.

1, v € {a,bi}
f(x)=142, v € a;iodd

3, v € qg;leven

Based on the color label f in double wheel graph DW,. Thus, we have the
representation as follows.

r(alll) = (0,1,1);
r(b;|IT) = (0,1,2), for i is odd;
r(b;|I) = (0,2,1), for i is even;
r(a;|IM) = (1,0,1), for i is odd;
r(a;|IM) = (1,1,0), for i is even.

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(a;|IT) # r(ag+nylT) or r(b;|IT) # (b |IT). We obtain  (DW,) < 3. Hence,
u(DW,) = 3. It completes the proof.

Theorem 2.4. Consider friendship graph F, for n > 3, then u(E,) = 3.

Proof. V(E) ={a,a;1<i<2n} and E(E) ={aa;1<i<2n}u
{a;aq+1); Tisodd,1 <i <2n—1}. Based on Lemma 2.1, p(F,) = p(W,) = 3. Thus,
we prove that u(F,) < 3. Let f:V (F,) - {1,2,3} be a vertex coloring (two adjacent
vertices may be colored same color). The construction of coloring in graph F, with the
periodic label in cycle (1,2,1,2,1,2,1,2,...,1,2) in outer cycle and 3 for center of
friendship graph. Furthermore, the label color and the representation of vertices in web
graph F, respect to with class color IT={C;,C, C3} where C; ={a},C, =
{a;,; iis odd}and C; = {a;; i is even} as follows.

v € q;,iodd,1 £i < 2n

1,
f(x) =142, v € aq;,ieven,1 < i < 2n
3,

vV = a
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Based on the color label f in friendship graph E,. Thus, we have the representation
as follows.

r(alll) = (0,1,1);
r(a;|IT) = (1,0,1), for i is even;
r(a;|IT) = (0,1,1), for i is odd.

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(a|ll) # r(a;|IT). We obtain u(F,) < 3. Hence, u(FE,) = 3. It completes the proof.

Theorem 2.5. Consider helm graph H,, for n > 3, then u(H,,) = 3.

Proof. V(H,) ={a,a;, b;1 <i<n} and E(H,) = {aa;1 <i <n}U{g;aqs1)y 1 <
i<n-—1}U{a,a,}U{a;b;;1 <i <n}. BasedonLemma 2.1, u(H,) = u(W,) = 3.
Thus, this proof divided into two cases as follows.

Case 1. For niseven

We prove that u(H,) < 3. Let f:V(H,) — {1,2,3} be a vertex coloring (two
adjacent vertices may be colored same color). The construction of coloring in graph H,
with the periodic label in cycle (1,2,1,2,1,2,1,2,...,1,2) in outer cycle and 3 for center of
helm graph. Furthermore, the label color and the representation of vertices in helm graph
H,, respect to with class color IT = {C;, C,, Cs} where C; = {a, b;}, C;, = {a;,; i is odd}
and C; = {a;; i is even} as follows.

1, v € {a, b;}
f(x) =142, v € q;iodd

3, v € q;ieven
Based on the color label f in helm graph H,,. Thus, we have the representation as follows.

r(alll) = (0,1,1);
r(a;|IT) = (1,0,1), for i is odd;
r(a;|IT) = (1,1,0), for i is even;
r(b;|I1) = (0,1,2), for i is odd,;
r(b;|IT) = (0,2,1), for i is even.

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(a;|IT) # r(a +1)|T) or r(a;|IT) # r(b;|IT). We obtain u(H,) < 3. Hence u(H,) =
3 for n is even.

Case 2. For nis odd

We prove that u(H,) < 3. Let f:V (F,) - {1,2,3} be a vertex coloring (two
adjacent vertices may be colored same color). The construction of coloring in graph H,
with the periodic label in cycle (1,2,3,2,3,2,3,..,2,3,1,1), in pendant (1,1,1,1,...,1,1) and
1 in outer cycle of helm graph. Furthermore, the label color and the representation of
vertices in helm graph H,, respect to with class color IT = {C;, C,, C3} where C; =
{a, A(n-1), An, bi}, C, ={a;;iiseven,2<i<n-—2}andC; ={a;;iiseven, 2 <i <
n — 2} as follows.
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1, v € {a am_1) an b;}
f(x) =12, v € aqj,ieven,2 < i <n — 2

3, v€a,iodd,2 <i<n-2
Based on the color label f in helm graph H,,. Thus, we have the representation as follows.

r(all) = (0,1, 1);
r(a.|ll) = r(b;|lT1) = (0,1,2); foriiseven,2 <i<n-—2;
r(a(n_2)|ﬂ) =r(b;|lT) = (0,2,1); foriisodd,2 <i<n-2;
r(a,|Il) = (0,2,2)
r(a;|l1) = (1,0,1); foriiseven,2 <i<n-—2;
r(a;|lT) = (1,1,0); foriisodd,2<i<n-—2;
r(by ) = 1(beu-)|1T) = (0,2,3);
r(bn|IT) = (0, 3,3);

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(a;|IT) # r(ag+nlT) or r(a;|T) # r(b;|IT). We obtain u(H,) < 3. Hence u(H,) =
3 for n is odd. It completes the proof.

CONCLUSION

In this paper we have shown some the exact values metric chromatic number of
related wheel graphs, namely web graph, double wheel graph, friendship graph and helm

graph.
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